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1. Introduction 



Let / G 5*2 (N) be a newform of weight two and level N. If f{z) — J2m=i 9™ 
where q ~ e^'^*^, and Z? is a fundamental discriminant, we define the twisted L- 
function 



We will assume that the twisted L-series are primitive (i.e. the corresponding 
twisted modular forms are newforms) . There is no loss of generality in making this 
assumption: if this is not the case, then / would be a quadratic twist of a newform 
of smaller level, which we can choose instead. 

The question of efficiently computing the family of central values L{f, D, 1), for 
fundamental discriminants D, has been considered by several authors. By Wald- 
spurger's formula Wa these values are related to the Fourier coefficients of certain 
modular forms of weight 3/2. 

In |Gr| . Gross gives a method to construct, for the case of prime level p, and 
provided L{f, 1) ^ 0, a weight 3/2 modular form of level Ap, and gives an explicit 
version of Waldspurger's formula for the imaginary quadratic twists. In jBo-SF| 
Bocherer and Schulze-Pillot extend Gross's method to the case of square free level, 
but their method works only for a fraction of imaginary quadratic twists (deter- 
mined by quadratic residue conditions). Later in |Pa-Tol| the case of level {p 
a prime) is considered, and this is used in |Pa-To2j . provided p = 3 (mod 4), to 
compute central values for real quadratic twists. 

In jMRVTj the non-vanishing condition is removed, and two modular forms of 
weight 3/2 (one giving the imaginary quadratic twists and another one giving the 
real quadratic twists) are constructed, in the case of prime level. 

The aim of this paper is to show how some of these ideas can be combined to 
handle the case of composite levels. In the case of odd squarefree level N , for 
instance, this method constructs 2* modular forms, where t is the number of prime 
factors of iV, whose coefficients give the central values of all the quadratic twists. 
We will focus on examples for levels N = 27, N = 15, and N = 75, which exhibit 
most aspects of our methods. 
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Table 1. Coefficients of g and imaginary quadratic twists of 27 A 



2. The curve 27 A 

Let / be the modular form of level 27, corresponding to the elliptic curve Xo(27), 
of minimal equation 

y2 + y = x3 - 7 . 

The eigenvalue of / for the Atkin-Lehncr involution W27 is —1, and the sign of the 
functional equation for L(/, s) is -1-1. 

Let B — (—1, —3) be the quaternion algebra ramified at 3 and 00, and consider 
the order R = (l, 3i, ^^), a Pizer order of reduced discriminant 27. The 
class number of left i?-ideals for such order is 2, and representatives for left R- 
ideals are {R,I} where / = (4, 12i, ^^±^±2i^ 6+i|i+fe). The eigenvector for the 
Brandt matrices which corresponds to / is (1, —1), with height 3. 

The ternary quadratic forms associated to their right orders are 

Qi{x, y, z) = 4x^ + 27y^ + 28z^ - 4a;z , 

and 

Q2{x, y, z) — 7x^ -t- 16?;^ + Slz^ + l&yz + 2xz + Axy , 

respectively. 

Note that, since the twist of / by the quadratic character of conductor 3 is / 
itself, we have 

L{f,~3D,s)^L{f,D,s) , 
for —3D a fundamental discriminant. We will thus assume that 3\ D. 

2.1. Imaginary quadratic twists. Let Z? < be a fundamental discriminant. If 
(-j) = -|-1, the sign of the functional equation for L{f,D,s) is —1, so its central 
value vanishes trivially. Hence we can restrict to the case where (-j) — —1. In this 
case we can follow Gross's method, using classical theta series 

©(Q.) --=1 E 9^5'*"''''^ ; 

(x,J/,2)GZ3 

we obtain a weight 3/2 modular form of level 4 • 27, namely 

g = e(Qi) - e(Q2) =q'-q'- q'' + q'' 2q^" + 2q'^ + ■■■ . 
Tabled shows the values of the Fourier coefficients c{D) of g and of L{f,D,l), 
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where —200 < Z? < is a fundamental discriminant such that (y) = —1. The 
Gross type formula 



|2 



L(/, 1) = fc , D<0 , 

is satisfied, where c{D) is the |L)|-th Fourier coefficient of g, and 

fc = i • jp/lr = 2L(/, -4, f ) w 3.059908074f f4385749826388345 



2.2. Real quadratic twists. Let Z? > be a fundamental discriminant. In this 
case, if (-j) = —I the sign of the functional equation for L{f,D,s) will be — 1, 
and its central value will vanish trivially. For (y) = +1, we will employ a method 
similar to the one used in ^MRVT. for prime levels. We need to choose an auxiliary 
prime / = 3 (mod 4) such that (^) = —I and such that L{f,~l,l) ^ 0, for 
example / = 7. Following |MRVT| we define generalized theta series 

where uj-j and 0^3 are the two kinds of weight function introduced in §2.2 and §2.3 of 
[MRVT| ■ respectively. The superscript in cjg*'' and lo^j^ indicates that we are writing 
the weight functions in the basis corresponding to the quadratic form Qi. 
The weight function of the first kind can be computed as 

\il \Qi{x,y,z), 
J^\x,v,z)^{(^) if 7 fx, 




otherwise; 



and 



(0 if 7tQ2(a;,y,^), 

J^\x,y,z)=U^) if7t3y + 5z, 
[(^) otherwise. 
The weight function of the second kind can be computed as 

^'i\x,y,z) ^ [^^—^] , and cjf ^(a;, y, - ' ^ ^ ^ 



3 

The generalized theta series will be 

e_7(gi) = -2g4 + 2gi3 + 4^16 _ 4^25 ^ 2g28 _ 2q^' - 4g« + . . . , 

and 

e-7(Q2) = q-q'-q'' + 2q'' - 3q'' - q'' + q'' + 2q'' + ■■■ . 

Note that e_7(Qi) + 2Q-7{Q2) = 2q- Aq^ + 8q^^ - lOg^s -\ , corresponding to 

the Eisenstein eigenvector for the Brandt matrices, has nonzero Fourier coefficients 
only at square indices. Since 9_7(Qi) +20_7((52) = 6-7(Qi) — B_7((52) (mod 3), 
this explains the fact that the coefficients in Table[21 with the exception of c_7(I), 
are all divisible by 3. 

Thus we obtain a modular form of weight 3/2, namely 

<?_7 = Q-riQi) - ©-7(^2) ^q + q^- 39^^ - 2gi6 + ^25 _ 3^28 ^ 3^37 ^ g^40 ^ . . . ^ 



4 



ARIEL PACETTI AND GONZALO TORNARIA 



D 


c_7p) 




D 






D 


c-7{D) 


L{f,D,l) 


1 


1 


0.588880 


76 


-3 


0.607942 


136 


6 


1.817856 


13 


-3 


1.469932 


85 





0.000000 


145 


6 


1.760536 


28 


-3 


1.001590 


88 


-6 


2.259892 


157 


6 


1.691917 


37 


3 


0.871301 


97 


-3 


0.538125 


172 





0.000000 


40 


6 


3.351961 


109 





0.000000 


181 


-9 


3.545457 


61 


3 


0.678585 


124 


6 


1.903786 


184 


-6 


1.562860 


73 


-3 


0.620308 


133 


-3 


0.459561 


193 


3 


0.381496 



Table 2. Coefficients of g^i and real quadratic twists of 21 A 



and the formula is now 

£(/,Al)-fc_y '"-^'' , D>Q , 

where c^t{D) is the D-th Fourier coefhcient of g-y, and 

/c_7 = ^-^^ — F = L{f. 1) ~ 0.5888795834284833191045631668 . 

3 L(/,-7,l)V7 ' 

TableHlshows the values of the Fourier coefficients c-j{D) of g^j and of L{f, D, 1), 
where < D < 200 is a fundamental discriminant such that (-j) = 1. 

3. The curve 15^ 

Let / be the modular form of level 15, corresponding to the elliptic curve Xo(15), 
of minimal equation 

y'^ + xy + y = + x"^ - lOx ~ 10 . 

The eigenvalues of / for the Atkin-Lehner involutions W3 and W5 are +1 and —1, 
and the sign of the functional equation for L{f, s) is +1. 

The method of Gross, as extended by Bocherer and Schulze-Pillot to the case 
of squarefree levels, requires that the ramification of the quaternion algebra agrees 
with the Atkin-Lehner eigenvalues. In this case, it would be necessary to work 
with the quaternion algebra ramified at 5 and 00. To exhibit the generality of our 
method, we will work with the quaternion algebra ramified at 3 and 00 instead. 

Let B = (—1,-3) be such a quaternion algebra; an Eichler order of level 15 
(index 5 in a maximal order) is given by R — ^-^f^, ktLtM+h.'^ ^ The number 
of clases of left i?-ideals is 2, and a set of representatives of the classes is given 
by {R,I} where / = (2,2i, 3+»+^3j+fc ^ rpj^^ eigenvector for the Brandt 

matrices corresponding to / is (1,-1), with height 4, and the ternary quadratic 
forms associated to R and / are 

Qi{x, y, z) — Q2{x, y, z) = Ax^ + 15y^ + 16z^ — Axz . 

3.1. Imaginary quadratic twists. Let D < be a fimdamental discriminant. 
We say that D is of type (si, S2) if (-j) = si and (-^) = S2- We need the sign of 
the functional equation for L{f,D,s) to be +1, so that its central value does not 
vanish trivially. For this to hold we need D to be of type (—,+), (+,—), (+,0), 
(0,-), or (0,0). 
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Table 3. Coefficients of gi and (717, and imaginary twists of 15^4 



Note that the linear combination of classical theta series 9((5i) — 0(Q2) is triv- 
ially zero, since Qi — Q2] this reflects the fact that the ramification does not match 
the Atkin-Lehner eigenvalues. Instead we set 

(a;,j/,z)GZ3 

where ^3 and lo^ are weight functions of the second kind as in ICTWn §2.3]. We 
have Qi{Qi) = —Qi{Q2), and hence we obtain a modular form of weight 3/2 and 
level 4 • 15^, namely 

The corresponding formula is 

L(/, D, 1) = fci , D < of type (-, +), 

where ci{D) is the |_D|-th Fourier coefficient of gi, and 

/ci = i . = 2L(/,-4,l) « 3.192484444263567020297938143 , 

c.f. Table El (top). 

To obtain the other 4 types of negative D, we need to choose an auxiliary prime 
I = 1 (mod 4) such that (|) = (|) = -1, and such that L{f, 1, 1) 7^ 0, e.g. / = 17. 
We then define the generalized theta series 

&17{Q^):=\ E ^i7^(^,2/,^)'Z^*^^'^'^^/'' , 

where ^17 is the weig ht function of the first kind defined in |MHVTI §2.2]. Now 

= 2 ei7(Qi) = 2g3 _ 4g8 - 2q^^ + Aq^° + 4q^^ + ■■■ 
is a weight 3/2 modular form of level 4 • 15. As expected by the multiplicity one 



theorem of Kohnen |Koj , this form turns out to be the same as the one constructed 
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Table 4. Coefficients of g_i9 and (7-23, and real twists of 15A 



by Bocherer and Schulze-Pillot. The formula in this case is 

L(/,D,l)=*fci7^^^ , < of type (+,-), (+,0), (0,-), or (0,0) , 

and * = 1, 2, 2, or 4 respectively; where ci7{D) is the |Z?|-th Fourier coefficient of 
517, and 

1 if f) 

kn = ^ « 0.1995302777664729387686211340 , 

4 L(/, 17, 1)717 

c.f. Table El (bottom). 

3.2. Real quadratic twists. Let Z? > be a fundamental discriminant. In order 
for the sign of the functional equation of L(/, Z), s) to be +1, we need D to be of 
type (+,+), (0,+), (-,-), or (-,0). 

For the first two types we need an auxiliary prime I = 3 (mod 4) such that 
(^) = -1 and (^) = +1, and such that L(/, -1, 1) ^ 0, e.g. / = 19. Again 

with 0^19 of the first kind and CJ5 of the second kind. The modular form 

g_i9 = 2 e_i9(Qi) = 2(7 - 4g4 + 2q> - 8q^' + 8q^^ + ■■■ 
has level 4 • 15 • 5, and the formula is 

L(/, D,l)^* fc_i9 '"""J^^' , > of type (+, +) or (0, +) , 

★ = 1 or 2 respectively; c-ig{D) is the _D-th Fourier coefficient of 5-19, and 

fc_i9 = \ ^-"1^ — = = \L(f, 1) « 0.08753769014578762644876130241 . 

4 L(/, -19, 1)719 4 ^ 

Table 21 (top) shows the values of the coefficients C-iq{D) and the central values 
L(/, D, 1) for < 13 < 200 a fundamental discriminant of type (+, +) or (0, +). 
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For the remaining two types we need an auxiliary prime I — 3 (mod 4) such that 
= +1 and (^) = —1, and such that L{f,—l, 1) ^ 0, e.g. I = 23. As before 



we define 

with 0^23 of the first kind and lut, of the second kind. The modular form 

5-23 - 2 e_23(Qi) = - V + M'' - V + V + • • • 
has level 4 • 15 • 3, and the formula is 

L(/,i?,l)-*fc_23^-^^=^ , OOoftype (-,-) or (-,0) , 

★ = 1 or 2 respectively; c_23(-D) is the _D-th Fourier coefficient of 5-23 and 

fc_23 = ^-"^ — ^ ~ 0.3501507605831505057950452092 . 



4 L(/,-23,l)V23 

Table 21 (bottom) shows the values of the coefficients c_ig{D) and the central values 
L(f, D, 1) for < D < 200 a fundamental discriminant of type (— , — ) or (— , 0). 



4. The curve 75^ 

Let / be the modular form of level 75 corresponding to the elliptic curve of 
minimal equation 

y'^ + y = - x'^ ~8x -7 . 

The eigenvalue of / for the Atkin-Lehner involution W3 is +1, for W25 is —1, and 
the sign of the functional equation for L{f, s) is +1. 

Let B = (—1, —3) be the quaternion algebra ramified at 3 and 00, and consider 
the order R = (l, , ^-'^), an Eichler order of level 75 (index 25 in a maximal 

order). The class number of left i?-ideals is 6, and the eigenvector for the Brandt 
matrices which corresponds to / is (1, —1, 1, —1, 0, 0), with height 6. 

The ternary quadratic forms associated to the right orders of the choosen ideal 
class representatives are 

Qi{x, y, z) = Q2{x, y, z) = Ax^ + 75y^ + 76z^ — Axz , 

Q'i{x, y, z) = Qi{x, y, z) = l&x^ + 19?/^ + 79z^ + Axy + 16xz + 2yz , 

and 

Qsix, y, z) = Qe{x, y, z) = 24a;^ + 31?/^ + 39z^ + 24a::y + 12a:;z + &yz , 
respectively. 

We will assume that b\ D. Indeed, the twist of / by the quadratic character of 
conductor 5 is another modular form /' of level 75, thus we have 

L(/, 5i?,l) = L(/',i?,l), 

for 5i? a fundamental discriminant. By applying the same procedure to the modular 
form /' we can compute the central values for these twists. So, we actually need 8 
different modular forms of weight 3/2 to compute all the twisted central values. 
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Table 5. Coefficients of gi and 1713, and imaginary twists of 75 A 



4.1. Imaginary quadratic twists. Let Z) < be a fundamental discriminant. If 
the sign of the functional equation for L{f,D,s) is +1, the type of D has to be 
either (— ,+) or (—,—). 

For the first case we look at the generalized theta series 



(X, 

we obtain the modular form 



, , Qi(a;,a,z) . 



gi = 2ei(Qi) - 2ei(Q3) = 9' - 2gis - q'^ - - 2q^^ + 3<7^« + 4/^ - q^' + ■ ■ ■ . 
The formula 

L(/,i?,l) = fciM^ , < Oof type (-,+) , 

is satisfied (c.f. Table [51 top), where Ci{D) is the jDj-th Fourier coefhcient of gi 
and 

^1 = - • ^tX = 2 L(/, -4, 1) « 4.669532748718719327951206761 . 
6 1) 

In the second case we need to choose an auxiliary prime / = 1 (mod 4) such that 
(^) = +1, (I) = —1 and L{f, 1, 1) ^ 0, for example I — 13, and define 

ei3(Q.):=J ^S(a:,y,^)4'Hx,y,z)4^'(a;,y,z)9'3'(-^'y'^)/i3 . 

(a:,j/,z)eZ3 

We obtain the modular form 

513 = 2ei3(Ql) - 2ei3(Q3) - 3g" + Sq^"" + 3q^^ + 3(7^2 _ 3^67 _ g^88 ^ . . . ^ 

and the formula 

L(/, D, 1) = fci3 > < of type (+, +) , 

is satisfied (c.f. Table|5l bottom), where ci3{D) is the |Z?|-th Fourier coefhcient of 
gi3 and 

ki3 = - ^-^'-^^ ^ ~ 1.556510916239573109317068920 . 

6 L(/,13,l)^/T3 
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Table 6. Coefficients of g-ig and 5-7, and real twists of 75 A 



4.2. Real quadratic twists. Let Z? > be a fundamental discriminant. The only 
possibilities so that the sign of the functional equation for L{f, D, s) is +1 are the 
discriminants D of types (+, +), (0, +), (+, — ), and (0, — ). 

For the first two cases we can use the generalized theta series 

Thus we obtain a modular form of weight 3/2, namely 

g-W = q + q' + q'-q^'~ 2q^^ - q^^ - Aq^^ - q'' + ■ ■ ■ , 
and the formula is 

L{f, D,l)^* fc_i9 '"""J^^' , > of type (+, +) or (0, +) , 

★ = 1 or 2 respectively, c-iq{D) the D-th Fourier coefficient of 5_i9, and 

1 (f f) 

fc_i9 = ^-^'^ — = = L(fA) w 1.402539940216221119844494086 , 

6 L(/,-19,l)\/l9 ' 

c.f. Table El (top). 

In the other two cases we can use the generalized theta series 

(2:,y,z)eZ3 

We obtain a modular form of weight 3/2 

g-7 = 3q^^ + 3q^^ ~ 3q^^ - Gq^^ + 6g^** - dq^"^ - 3g^^ + 6/^ + • • • , 
satisfying the formula 

Lif, 1) - * ^^^|=p ' ^ > of type (+, ~) or (0, -) , 

* = 1 or 2 respectively, C-7{D) the _D-th Fourier coefficient of g_7, and 

. _1 (/-/) 



6 L(/,-7,l)V7 



0.4675133134054070399481646950 . 
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c.f. Table El (bottom). 
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